The Einstein coefficient method is used to calculate the growth rate of a low gain FEL for a tenuous relativistic electron beam propagating in the combined axial and transverse helical wiggler fields Bo, -(Bcoskozi, + 6Bsinkozli). The analysis assumes that the system is close to rcsonance between the electron cyclotron frequency in the guide field (w, = eBj/-ymc) and the wiggler frequency in the beam frame (Lao -koVb). It is shown that the gain near resonance can be substantially enhanced relative to the gain obtained in the region far from resonance.
I. INTRODUCTION
The growthrate for a low gain FEL has been calculated theoretically 1-5 and observed experimentally 6,7 for a tenuous electron beam far from resonance between the electron cyclotron frequency in the axial guide field (we = eBo/ymc) and the wiggler frequency in the beam frame (wo = koV). There have also been theoretical considerations of exploiting the cyclotron resonance effect to enhance the FEL gain 8-10, although the approximations used in these studies break down close to resonance. Experiments have been performed in the Raman FEL regime near cyclotron resonance with the results that either there is no radiation emission 11-13 or the emission is enhanced, 14 indicating that conditions for FEL operation near cyclotron resonance have not been explored adequately.
In this article, we make use of the Einstein coefficient method to calculate the growth rate of a low gain FEL for a tenuous electron beam propagating in the combined axial guide and transverse helical wiggler fields
where Bo and 6B are assumed constant, Xo = 21r/ko is the wiggler wavelength, and the expression for the wiggler magnetic field is valid near the z-axis (koRb < 1). Near cyclotron resonance (we ao), it is found that the gain can be orders of magnitude larger than the equivalent gain obtained in the region far from resonance. It is also found that narrow band emission requires that the axial electron momentum p, = ymvz be approximately constant. To satisfy this condition and the condition that the system be close to cyclotron resonance (w, F "o) imposes the requirement that pI . 6B > 0, where p_ = -ym(v.,i + vyi,) is the transverse momentum and ymc 2 = (m 2 c 4 + c2j2)1/ 2 is the electron energy.
Experimentally, the requirementp_ -6B > 0 is difficult to achieve and may explain the null emission results."--" Previous theoretical analyses have not considered this requirement, since in a standard FEL the electrons enter the wiggler magnetic field with negligibly small transverse momentum. Allowing finite transverse momentum has the effect of reducing the relativistic output frequency upshift. Also, since the system is near cyclotron resonance and p_ is finite, the cyclotron maser effect may be excited, and we obtain the condition for FEL cmission to dominate over cyclotron maser emission.
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II. ELECTRON TRAJECTORIES IN THE WIGGLER FIELD
The equation of motion for an electron moving in the combined axial guide and wiggler fields BO = BO, + 6B [Eq.
(1)] is given by dp'/dt' = -et? X Bfl(x')/c, where -e is the electron charge, c is the speed of light in vacuo, ' = p'/'m is the electron velocity, and m is the electron rest mass, and we assume "initial" conditions such that the particle trajectories (x, p') pass through the phase space point (x, p) at time t' = t. 
where
For SB = 0, it follows from Eq. (3) and the definition t/ = kov'/w, -1 that v' = V, and the axial invariant V can be identified (exactly) with the axial velocity t',. For SB : 0, however, the axial invariant V, = const is generally different from the axial velocity V', which varies as a function of t'. We now assume that the system is very close to cyclotron resonance with -) (< <)2 (4) in Eqs. (2) (which solvcsV/6r' = 0). Solving Eq. (2) for small-amplitude oscillations about r70, i.e., for 
Eq. (5) can be integrated to determine z'(t') with boundary condition z'(t' = t) =
z, and the result substituted into the perpendicular equations of motion for v'(t') and t',(t'). Defining,
It is convenient to rewrite Eq. (5) in the form v' = Vb + eVbcos(w6r + a) so that ' can be expressed as
where r =t' -t , and e and a are defined by
Vb
The orbit factor exp(ikoz') occurring in the equation for dw'/dt' can then be expressed ' to the cyclotron maser term in Eq. (14) . Indeed, it is evident from Eq. (14) that the cyclotron maser and FEL beam resonance contributions to the spontaneous C11iSSiOn 7 are generally comparable in si.c and represent competing processes when the system is close to beam-cyclotron resonance (ka w,). For simplicity, we now consider Eq. (14) in circumstances where the system is either close to cyclotron resonance (w -kVb -w~ 0) or close to beam resonance (w -kVb -koVb ~ 0) and neglect the cross terms in Eq. (14) . This gives
2
N[(w -kVb -koVb)T/2]2
We reiterate that the cyclotron maser and FEL contributions in Eq. (15) 
IV. AMPLITUDE GAIN IN TENUOUS BEAM LIMIT
With the expression for the spontaneous emission coefficient q, given in Eq. (15) the amplitude gain r can be determined from the classical limit of the Einstein coefficient method. 18 The amplitude gain per unit length is given by (r > 0 for amplification) 4&rc * r = --rF ] d4] dp, dppr
where fj(p 2 , p.) is the equilibrium distribution function for the beam electrons, w = kc is assumed in the tenuous beam limit, v: = pz/-m and v 1 = p_/ym are the axial and transverse Nelocities, and 1mc 2 = (m For present purposes, we consider an electron beam that is cold in the axial direction and has constant transverse momentum, i.e.,
27rpL-where nb = 27r f_*, dp, f* dpjpiff = const is the beam density, and -1 = (1 -
/C2
/c2)/ 
where w = 4irnbe 2 /m, and Equation (18) S fAx = 0.54 16-ycO Go(b_)()
It is important to note that the FEL gain far from cyclotron resonance (w -kV ~.
koV > we) can be calculated for a tenuous beam in the low gain regime using entirely similar techniques 1-5. The basic modification of the present analysis is to replace Eq. 
